Abstract. Rucmations in the scalar field considered in c w e d spacetime necessarily induce Bucluations in the meuic. Qoanlum treatment of Ute simultaneowly fluchrating field and meuic system may be distinguished from the ordinary quantum Keld theory in c w e d spacetime (am) t"ent.
Introduction
Quantum field theory in curved spacetime (QFCS) has fixed background metrics built in which are assumed to be classical and not affected by the quantum field fluctuations. However, to be consistent, the field fluctuations will simultaneousIy excite the metric fluctuations. These metric fluctuations can be equivalently interpreted as differences in the local proper time and the local expansion rate caused by the fluctuating scalar field. Recently, we analysed the scalar field quantum field theory in a Friedmann-Lem~~~Roberson-Wal~r (FLRw) spacetime considering the simultaneously excited full metric perturbations as accompanying quantum fields. We showed that this complete analysis is not difficult to cany out and is rewarding in the following senses. First, the derived equation allows a very general solution which is not expected if we neglect the metric perturbations. Second, in the expansion stages where the previous QFCS analysis was canid out, the MI equation exactly reduces to the QFCS equation in which the metric fluctuations were neglected, in a consistent manner.
By including the full metric fluctuations we have an additional degree of freedom (gauge freedom) which we can fix according to the character of the problem at hand. From our thorough study using various different gauge fixing conditions we found that a particular gauge condition reduces the whole problem into a simple setting, as mentioned [I] . Our choice of that particular gauge is not known in the literature; it was first introduced in [Z]. 
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convenience in the cosmological analysis. In this paper we present our gauge condition and the consequent derivation in a conventional setting starting from the metric and Einstein's equation. We confine our analysis to the gauge which is most appropriate to the scalar field problem. We summarize the consequences in a self-contained manner.
As will be mentioned, the analysis does not lose any generality by fixing the gauge. The physically measurable quantities do not depend on the special gauge we have to choose in the analysis. Also, the special gauge we are dealing with in this paper completely fixes the gauge freedom, so that it has a unique gauge invariant counterpart. Thus, it can be equivalently said that we are working in a gauge invariant setting. We set c = 1.
We consider a minimally coupled scalar field, 6, with a general field potential V ( @ ) . 
Semiclassical approximations
Before we proceed with ow analyses we would like to clearly distinguish our approach of the semiclassical approximation from the conventional QFCS; this point was not made clearly in 131.
In the context of cosmological perturbation, considering perturbations in both the matter and the metric parts is a common practice. In this context, treating the perturbed parts as the quantum operators propagating in the classical background is often termed the semiclassical approximation. This treatment can be distinguished from the other widely studied semiclassical approximation which is called Q m . In this second approach one treats the whole set of degrees of freedom associated with the metric as classical and frozen (fixed).
We would like to call the first approach the perturbative semiclassical approximation. Let us make a brief comparison of the two approximations which shows a certain difference, a similarity and also an interesting coincidence. In this section we let 8rG
This approach can be represented as:
1.
(i) Quantum field theory in curved spacetime ansak 141.
* where a hat indicates that we are considering the variable as a quantum operator; (Zb) is a suitably renormalized expectation value. In equations (5) and (6) 
where @ = @(z, t). V,, = aV/(a@), a(t) is a scale factor, H a/a, V"I2 is a Laplacian based on the 3-space metric of the FLRW model, and a dot denotes the time derivative with respect to the background proper time. Unless we consider a self-interaction term in V(@), equation (7) is a linear equation. The theory has been applied only to specialized background metrics. For example, in a cosmological setting, the analyses were performed in the exponential or the power law expansion stages. In such special situations, as will be shown, this approach shows curious coincidences with the next one.
(ii) Perturbafive semiclassical approximation. This approach can be represented as:
As we consider fluctuations in the metric we have a freedom in choosing a physical degree of freedom out of the metric or the matter variable. This is because we are dealing with two metric systems. One is a perturbed metric and the other is a fictitious unperturbed metric where the correspondences between these two could be arbitrary. Fixing such a freedom in a FLRw background corresponds to choosing a spatial hypersurface. We will show that choosing a spatial hypersurface condition with vanishing perturbed 3-space curvature simplifies the analysis involving scalar field theories.
An overlap with the QFCS approach can be presented as:
If we do not consider the perturbed metric, we may let @(z, t) = 4(t) + S@(z, t). with vanishing 4, in equation (7) which leads to 84 + 3H64 -+ V& = 0.
Thus, unless we consider a self-interacting potential, equations (7) and (1 1) show an identical form.
The completely perturbed scalar field equation considering the metric perturbations will be derived later (equation (27)). Comparing with the QFCS approach we may note three points. First, in the large scale limit we can derive a general integral form soiution considering the general scalar .field potential (equation (37)). Although the equation in the QFCs approach may look simpler (compare equation (27) with equations (7), (1 1)).
curiously, such a general solution is not available in the QFCS case. Second, whereas the background expansion law was assumed i n QFCS, in OUT case the background dymmics is govemed by the evolution of the background scalar .field. Third, a cancellation occurs in 
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When we derive the perturbation spectra generated from the quantum fluctuations in an early scalar field dominated acceleration (inflation) phase, our approach is more appropriate than QFCS. Furihermore. using the appropriate gauge presented in this paper, we were able to present a rigourous analytic proof (of the previous naive derivation) of the perturbation spectra generated during the above mentioned special acceleration stages [3].
The quantum treatment of the gravitational wave also belongs to this approach as:
It is well known that each polarization of the gravitational wave equation in a mRW background also takes a similar form to the minimally coupled scalar field equation with a vanishing potential term [5] . In a FLRW background the evolution of the gravitational wave completely decouples from the scalar type of mode we are considering.
The uniform curvature gauge
The most general scalar-type perturbations of the FLRW spacetime can be written ast
where g : :
is a comoving part of the background 3-space metric; a vertical bar indicates a covariant derivative based on g$, subindices a, p , . . . are spatial indices. Not all perturbed metric variables U(%, t ) , p(z, f ) , p(z. f ) and y ( z , t ) are physically meaningful. By different associations between the perturbed spacetime and the fictitious background spacetime, each of the variables can be shown to contain part of a pure coordinate transformation effect in the FZRW spacetime which is the unphysical gauge mode. In particular, p and y are even affected by pure spatial coordinate transformations in the FLRW spacetime. Since the m w spacetime is spatially homogeneous and isotropic, in an actual treatment we can easily avoid using these spatially gauge dependent variables [71. A combination x(z, t ) = n ( p + U ? ) is one such variable that is spatially gauge invariant. Now, the variables U , p and x are spatially gauge invariant, but temporally gauge dependent. (The mathematical counterpart of discussions concerning the gauge issue can be found in section 2.2 of [2].) By fixing any one or a combination of these variables (which contains a temporally gauge dependent part) we can fix the temporal gauge freedom. When we fix (choose) a gauge we have to remember which gauge we are working in. The value of the same variable depends on the gauge in which it is evaluated. If we have a solution in any particular gauge all the other solutions, even in other gauge choices, can be simply derived. All solutions are linearly interconnected. This has a practical implication that we work better in a particular gauge choice which yields the most simple analysis. In particular, in treating a scalar field analysis we found that choosing a particular gauge, which we called the uniform-curvature gauge (UCG), yields the most simple analysis. One may wonder how we know the proper t There exist two other types of vibrarions (the rotation and the gravitational wave) which decouple from the scalar type of mode (condensations of density field) in a m w background. A minimally coupled scalar field, which is the case to be considered, does not directly couple with these other t y p of vibrations. In general, the scalar t y p of generalized p n t y Ihwries does not directly support the evolutions of the rotation and the pntational wave modes 161.
gauge choice a priori; we found the following result only after analysing various gauge
The UCG fixes p(z, t ) 0.
(15)
By imposing a gauge condition we do not lose any generality. General relativity is a system such that we need to fix some redundant modes for an analysis. This gauge condition removes the temporal gauge mode completely. This means that after imposing this condition the behaviour of each variable, like a and x etc. shown in this gauge is meaningful, i.e. contains no remaining gauge mode. Now, since , ¶ and y are individually spatially gauge dependent, in this case we can also fix one or a combination of these variables (which contains spatially gauge dependent part) without losing any generality. Apparently, fixing y 0 may lead to a simple form of the metric; in this case we have , 3 = x / a . This spatial gauge fixing condition also completely removes the spatial gauge mode. We note that even without this spatial gauge fixing, due to the spatial homogeneity and isotropy of the FLRW spacetime the resulting equations (equations (23), (24), (26)) will not depend on , ¶ and y individually; only x combination appearst.
Thus, in the UCG together with our spatial gauge fixing condition the metric becomes
Under our gauge conditions, which lose no generality, this metric represents a completely general scalar ope ofperturbations of the FLRW spacetime. Also. under this gauge condition a and x are all physically meaningful; both the temporal and the spatial gauge modes are completely fixed. From equation (16) we can show that the scalar curvature of the 3-space (of g,p) becomes Re)(z, t ) = 6K/a2; K is the sign of the background 3-space curvature.
Thus, the 3-space curvature does not have any inhomogeneous part, so is uniform in space. This justifies the name of this gauge choice. Together with the fully perturbed metric in equation (16) we consider the scalar field to linear order as (we may skip an overbar unless it is necessary) $@, t ) = 4 0 ) + wz, 0.
(17)
Equation
We proceed in a standard way: calculate the connections, the curvatures, etc. 
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These components are enough for our analysis in this paper. Considering equations (16), (17), equation (3) yields:
(21)
.
T," = -; @8@,*.
Combining equations (ISHZl) in equation (2) we have:
Incidentally, both (0.0) and (0, a) components of the Einstein equation are constraint equations, related to the energy and the momentum constraint equations, respectively.
Considering equations (16). (17). equation (4) yields:
Combining equation (26) (24)).
Interpretation
Let us look at the closed form of the perturbed scalar field equation (equation (27)) from another viewpoint. By introducing a frame 4-vector U. equation (4) where we have used uo = C ' ( 1 -0 1 ) and u'! = U -~X '~; U ' follows from u'u, -1 and for ua we used the normal frame condition where U . = 0. Thus, using equations (29)- (31), equation (28) leads to equations (25), (26). In a general frame, correction terms will occur in equations (30), (31) so that they cancel out and lead to equation (26). Our reason for presenting this covariant way is to emphasize the following. First. the perturbed scalar field in curved spacetime will naturally cause the difference in the proper time between the perturbed region and the unperturbed region. This is expressed in equation (29) where 01 (a perturbed lapse function) is the difference between the actual proper time and background proper time. Second, the perturbation will also cause the local expansion rate near perturbed scalar field to be different from the region where there is no perturbed scalar field. This is expressed in equation (30) . In this way of expressing things it may sound natural that we have to include these effects. Indeed, in equation (26) these two mentioned effects exactly cause the terms on the right-hand side which can be equivalently regarded as the metric contributions. We would like to suggest that in any situation, considering those simultaneously excited metric modes is necessary for a selfconsistent treatment. Moreover, by including these tems (as we will see) certain simplifications will occur so that more self-consistent and general analyses are possible.
Analyses
Equation (27) has the following interesting consequences; concerning some points, more thorough analyses can be found in [3] . Corresponding analyses in various other gauges can be found in [l] .
(i) In [I] one can find the scalar field perturbation analyses for six fundamentally different gauge choices. Compared with many other cases using different gauge fixing conditions, equation (27) is the least complicated. The perturbed metric contribution is most simple. Also the equation most closely resembles the case not considering the perturbed metric in equation (11).
Mukhanov [8] introduced a gauge invariant variable U. In our notation
In the UCG we have U = as#, whereas in a uniform scalar field gauge (64 0, this choice is allowed and is equivalent to a co-moving gauge) we have U = -u($/H)-rp. However, the convenience of the UCG analyis wds not recognized in [8] . The analysis in [8] was done in a zero shear gauge, where the analysis is more complicated. In that gauge, the cancellation of the perturbed metric contributions in the power law expansion stage does not occur.
Thus, the corresponding quantum field analysis cannot be performed analytically. Also, the growing mode part of the integral form solution is more. complicated, and the dominating (ii) For G --t 0 the perturbed metric contribution in equation (27) is negligible. Thus equation (27) Combining the background equations (equations (25). (22)) we can derive fi = -4rrGd2
(K = 0 assumed). We take a power law type of expansion of the scale factor a 0: t q . This can be supported by a w p / p = constant stage with q = 2/(3 + 3w); p and p are the pressure and the energy density, respectively. We can derive the following solution of the background scalar field thus 4 0: H . n u s , an exponential potential leads to a power law type of expansion law.
For general V(q5) we can show which vanishes under the power law expansion in equation (34). Thus, in this power law expansion stage supported by the background scalarfield equation (27) reduces to equation (33) exactly. We note that in the usual QFCS, not only the perturbed metrics are ignored, but also in that case the background dynamics is assumed to be provided by given external sources, see [IO] .
(vi) Now we w i l l show another interesting consequence of equation (27). In cosmological perturbation contexts, proper consideration of the metric fluctuations is essential. In such contexts it is generally known that in the large scale we can derive integral-form solutions which apply to the general background equation of statef. We will show this shortly, but, ironically, ifwe neglect the perturbed metric contributions (equation (11)) this integral-form solution is not available for a general V(q5). Thus, in the large-scale we simply have which is validconsidering general V(q5); C(x) and D ( z ) are the coefficients for the growing and the decaying modes, respectively. We note that the decaying mode in equation (37) is higher order (in the large scale expansion) than the corresponding mode in other gauge choices; see [ 11. That is, the dominating decaying mode of 84 in the UCG vanishes.
(vii) Perturbative semiclassical approximion. We have shown that equation (27) reduces to equation (11) for an exponential expansion stage and to equation (33) for a power law expansion stage. Corresponding QFCS analysis in the context of equation (7) can be found in the literature [4,10, 141. Thus, quantum field analysis including the full metric contributions can be similarly carried out exactly in these two expansion stages. Following the semiclassical method, we replace &@(e, t ) into the quantum Heisenberg operator S&Z, t) and mode expand. In our treatment the fluctuating metrics are also simultaneously quantized. This is automatically considered in equation (27); see equations (23). (24). The mode equations yield exact solutions in both expansion stages and the 2-point functions can be derived exactly. The %point function is defined as
where ( 
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where either case is valid for U < and we have taken an adiabatic vacuum state;
A$ z (q' -q") ' and Ax2 = (d-d')*.
(viii) Analytic proof of the i n i i o n generated densifyfluctuations. Similarly, the power spectra derived from the quantum fluctuations in the exponential and the power law expansion stages can be derived in an exact analytic manner. The power spectrum is defined as "Is, in the large scale (IS) and in the adiabatic vacuum we have, for the exponential (EXP; assuming m = 0) and the power law (POW) expansions, respectively:
Note that in evaluating equations (41) . (42), (44), (45) the UCG condition is crucially used in simplifying the equation. From equation (37) we have
We have msumed PsJ(k, t) = PA+(k, t ) , where the first one is based on the quantum vacuum expectation value ({ whereas the second one is based on the classical volume average U )2).
Since we derived the initial power specmm generated from the vacuum quantum fluctuations, we can determine the resulting Newtonian density fluctuation spectrum using Thus, in the case of the exponential expansion, combining equations (47). (44) we have which leads to a well known scale invariant spectrum. However, we emphasize that using the UCG these results are derived in an exact manner consistently accounting for the full metric fluctuations.
Discussion
Considering our own publication on the subject [3], this presentation does not contain particularly new material. However, rederiving the central equation in a conventional way (sections 3 and 4) and interpreting the equation in intuitive terms (section 5) may help understanding our point. In addition, by distinguishing two different approaches in the semiclassical approximations (section 2) we hope we clear up some mixed statements concerning such two approaches made in [3] and in the literature. Perturbative semiclassical approximation is an approximation to quantum theory of gravity where we consider the perturbed parts both in the field and the metric as quantum fields propagating in a classical background, which is again supported by the background field and metric (equations (8). (9)). This approach should be distinguished from the conventional QFCS approximation where as an ansatz (equation (5)) one considers the evolution of a quantum field in a given classical background. In the latter case, another ansatz (equation (6)) is taken for considering the back-reaction of the field on the background spacetime. In comparison with the perturbative approach, the general consistency of these two ansa-in QFCS could be doubtful. Moreover, the point made in our presentation is that in the case of a scalar field the perturbative approach in a proper gauge condition reveals some interesting consequences. Besides its self-consistency is apparent in its ansatz (compared with the QFCS one), despite its relative algebraic complication it allows a more general solution to be available. Also, in particular situations it leads to the same results as those from Qpcs. As a future application, it is important to investigate the role of exfra terms arising from the perturbed metric in equation (27).
